Abstract. We provide bounds for perpetual American option prices in a jump-diffusion model in terms of American option prices in the standard Black-Scholes model. We also investigate the dependence of the bounds on different parameters of the model.
Introduction
In the standard Black-Scholes model, in which stock prices are modeled by geometric Brownian motions, the valuation of perpetual American options is well-understood. Indeed, the value of a perpetual American option may be determined explicitly for example by solving the corresponding free boundary problem (see McKean (1965) for an early reference), or by finding the smallest concave majorant of the (appropriately transformed) contract function, see Dayanik and Karatzas (2003) . However, if incorporating jumps into the stock price dynamics, explicit formulas for the value of perpetual options are rare (see Mordecki (2002) for results on the American put).
It is well-known, compare Alvarez (2003) , that prices of perpetual American options in diffusion models are monotonically increasing in the volatility. In this paper we provide bounds for American option prices in a jumpdiffusion model in terms of American option prices in a standard BlackScholes model with a sufficiently large volatility.
In Section 2 we introduce the jump-diffusion model. Then we state and prove our main result. It ensures the existence of a volatility so that the corresponding Black-Scholes price exceeds the jump-diffusion price of any American option. Moreover, it characterizes the minimal such volatility. In Section 3 we investigate the dependence of the minimal volatility on different parameters of the jump-diffusion model.
The model and the main result
Let (Ω, F, P ) be a probability space equipped with a filtration (F t ) t≥0 satisfying the usual conditions. Let v be a Poisson random measure on [0, ∞) × [0, 1] with intensity measure λ dt dz for some constant λ ≥ 0, and letṽ (dt, dz) := v(dt, dz) − λ dt dz be the corresponding compensated jump martingale measure. Further, we let W be a standard Brownian motion, and we assume that the filtration (F t ) 0≤t<∞ is the one generated by W and v.
The stock price is modeled by a stochastic process X which is the solution to the stochastic differential equation
More explicitly, the stock price process is given by
where the jump part is defined by
In these equations, the constant σ ≥ 0 is the volatility of the continuous fluctuations of X, the constant r ≥ 0 is the interest rate and φ gives the possible relative jump sizes. We assume that the function φ : (1 + φ(z)) < ∞ for some < 0. The interpretation of the model is as follows: Jumps occur at the constant rate λ ≥ 0. Associated to each jump of X is a label z. If a jump occurs at time t with a label z, then the jump size is φ(z)X(t−). Given a contract function g, the perpetual American option value V in the jump-diffusion model is defined by
Here the index indicates that X(0) = x, the supremum is taken over all random times that are stopping times with respect to the filtration (F t ) 0≤t<∞ , and we have used the convention that g(X(τ )) = 0 on {τ = ∞}. We will only consider contract functions g in the class
i.e. contract functions of at most linear growth. Since e −rt X(t) is a martingale, the optional sampling theorem implies that the American option price is finite for any g ∈ G.
Remark When introducing jumps, completeness of the model is lost. Consequently there is a whole range of possible martingale measures that can be used for arbitrage free pricing of options. We circumvent the issue of choosing a pricing measure by defining the option price as in (2), thus implicitly assuming the dynamics of X are specified directly under the measure used for pricing.
Below we compare the option price V in the jump-diffusion model to the value BS of a perpetual American option in the standard Black-Scholes model with a volatility γ > 0 possibly different from σ. Recall that in the standard Black-Scholes model, the stock price Y is modeled under the pricing measure by a geometric Brownian motion dY = rY dt + γY dW.
More explicitly,
If g ∈ G is a contract function, then the corresponding value BS of a perpetual American option in the standard Black-Scholes model is
Given a jump-diffusion model, i.e. given σ, λ and φ, we are interested in determining a volatility γ > 0 such that
) for all x and all contract functions g ∈ G.
Below we prove the existence of a volatility γ satisfying (3), and we also characterize the minimal such volatility as the smallest zero of the function
Note that if ϕ(x) = x −2r/γ 2 , then
where A is the integro-differential operator
associated with the jump-diffusion X. Consequently, if h(γ) ≤ 0, then the process e −rt ϕ(X(t)) is a supermartingale, so optional sampling yields
for any stopping time τ .
Theorem 2.1. Let a jump-diffusion model be given as specified above. Then there exists a γ > 0 such that (3) holds. Ifσ := inf{γ > 0 : (3) holds} and γ := inf{γ > 0 : h(γ) ≤ 0}, thenσ =γ. Consequently, h(γ) = 0 and
for all x and all contract functions g. Moreover,γ ≥ σ.
Proof. First note that thanks to the assumption (1) we have
so there clearly exists a γ > 0 with h(γ) ≤ 0. Let such a γ be given, and let ϕ(x) := x −2r/γ 2 . Define the strictly increasing function F : (0, ∞) → (0, ∞) as
We now claim that for any function U : (0, ∞) → [0, ∞) the implication (6) U ≥ g and U/ϕ is F -concave =⇒ U ≥ V holds. To prove this we argue as Dayanik and Karatzas (2003) . First fix a function U with U ≥ g and such that U/ϕ is F -concave (i.e. U ϕ • F −1 is concave), and also fix an initial point x ∈ (0, ∞). Because of concavity, there exists an affine transformation L := c 1 F +c 2 such that L(·) ≥ U (·)/ϕ(·) and L(x) = U (x)/ϕ(x). Note that the constant c 2 has to be non-negative. Consequently, for any stopping time τ we have
where we in the last inequality used (5). Thus
so the claim (6) is proved. Now note that ϕ(x) = x −2r/γ 2 and ψ(x) := x are the decreasing fundamental solution and the increasing fundamental solution, respectively, of
compare for example Chapter II in Borodin and Salminen (2002) . Recall from Dayanik and Karatzas (2003) that the smallest function U : (0, ∞) → [0, ∞) which satisfies U ≥ g and is such that U/ϕ is F -concave equals the value BS(·, γ) of the American option in the Black-Scholes model with volatility γ. Thus it follows from (6) that V (·, g) ≤ BS γ (·, g), which proves the existence of a γ for which (3) holds. Note that it follows from the above thatσ ≤γ. By continuity of the function h we clearly have h(γ) = 0, so it remains to show thatσ ≥γ. To do this, choose γ ∈ (0,γ). Then h(γ) > 0. For C > 0, defining g C ∈ G by
(in the distributional sense). Consequently, g C is excessive for the geometric Brownian motion Y with volatility γ, so BS γ (·, g C ) = g C (·). On the other hand, for any fixed x > 0 we have for large C that
which converges to h(γ)x −2r/γ 2 as C tends to infinity. Consequently, C can be chosen so that Ag C > 0 in some interval. This implies that V > g C in this interval, so there exist points x with V (x, g C ) > BS γ (x, g C ). Since γ ∈ (0,γ) is arbitrary, we find thatσ ≥γ. This finishes the proof ofσ =γ.
Finally, it is straightforward to check that h(γ) > 0 for all γ < σ, which implies thatγ ≥ σ. Theorem 2.1 provides an upper bound for American option prices. A lower bound can also be obtained for the class of convex contract functions.
Corollary 2.2. Let g ∈ G be convex. Then
for all x ∈ (0, ∞).
Proof. 
Sensitivity of the minimal volatility with respect to the jump diffusion parameters
It is natural to expect the minimal volatilityγ to be large if the jumpdiffusion model in some sense is far away from a Black-Scholes model, i.e. if the jump intensity λ and the possible relative jump sizes φ are large. Our next result shows thatγ is increasing as a function of λ, φ and σ.
Theorem 3.1. Let two jump-diffusion models be given with parameters (σ 1 , λ 1 , φ 1 ) and (σ 2 , λ 2 , φ 2 ), respectively. Assume that σ 1 ≤ σ 2 , λ 1 ≤ λ 2 and that φ 2 (z)
for all z with φ 1 (z) = 0. Then the corresponding minimal volatilitiesγ 1 and γ 2 satisfyγ 1 ≤γ 2 .
Proof. It is straightforward to check that the function h(γ) = h(γ, σ 2 , λ, φ) defined in (4) is increasing in σ 2 and λ. Indeed,
This implies thatγ, being the smallest solution γ > 0 of h(γ) = 0, is increasing in λ and σ. Moreover, the function
which is positive if a is positive and negative if a is negative. Consequently, the function h is increasing in φ if different φ are ordered as in the formulation of the theorem. It follows thatγ is increasing also in φ.
Similarly, if the model is close to the Black-Scholes model, i.e. if the intensity λ of jumps is small, then we expect the minimal volatilityγ to be close to σ. Theorem 3.2. Assume that (1) holds with = −2r/σ 2 . Then, for small intensities λ, the quantityγ 2 − σ 2 is at most linear in λ. More explicitly, there exists a constant M > 0 such that 0 ≤γ 2 − σ 2 ≤ M λ for small λ. Consequently,γ 2 ≤ σ 2 +σ 2 λC/(r−λC) for small intensities λ, which finishes the proof.
